Cancer is a class of diseases caused by the accumulation of gene mutations. All mutated genes constitute a genetic network for cancer progression. It is very helpful for tumor diagnosis and therapy if we know how many mutated genes are needed for human breast cancer. In this article, we investigate the mutation mechanisms of human breast cancer by modeling the data of surveillance, epidemiology, and end results registry. The data are agespecific incidence rates of breast cancer of females in the United States. We set up stochastic multistage models to estimate the age-specific incidence rates by using several coupled ordinary differential equations derived from the Kolmogorov backward equations. Our results suggest that 2-14 mutations in the genome of breast stem cells are required for normal breast stem cells to become a malignant cell, and 3 gene mutations are most likely to occur in the development of female breast cancer.
INTRODUCTION C
ancer is a genetic disease. The tumorigenesis is the result of the accumulated mutations by oncogenes, tumor suppressor genes, and genetic instability genes (Vogelstein and Kinzler, 2004) , which is regarded to be developed slowly over many years generally (Leob et al., 2003) . It has been proposed that eight biological capabilities should be acquired during the multistep development of human tumors: namely selfsufficiency in growth signals, insensitivity to growth-inhibitory signals, resistance of programmed cell death (apoptosis), limitless replicative potential, sustained angiogenesis, tissue invasion and metastasis, reprogramming of energy metabolism, and evading immune destruction (Hanahan and Weinberg, 2011) . Those hallmarks of human cancer indicate that normal stem cells that become a malignant cell must undergo a series of mutations in the genome. A recent study of 18,191 human genes from breast and colorectal cancers shows that <15 mutations were likely to be responsible for the driver mutations of breast cancer and colorectal cancer (Wood et al., 2007) . It will be very helpful for tumor diagnosis and therapy if we know how many driver mutations are needed for human breast cancer. Armitage and Doll (1954) developed the first multistage model for the development of human cancers by fitting the data of age-specific death rates caused by cancer diseases. However, this model did not give the exact biological meanings of the multistage nor consider the clonal expansion of intermediate cells. These questions were studied later by examining 48 cases of retinoblastoma (Knudson, 1971) . The hypothesis was put forward that retinoblastoma is a cancer caused by two mutation events in the genome of stem cells. In the dominantly inherited form, the first mutation was inherited from the germinal cells and the second occurred in somatic cells. In the nonhereditary form, both mutations occurred in somatic cells. This result led to the discovery of the earliest tumor suppressor gene RB. The earliest two-stage (two-hit) model with clonal expansion of intermediate cells was developed by Moolgavkar et al. (1980) . This model can fit the age-specific incidence rates of breast cancer and colorectal cancer. There are many works extending the two-stage (two-hit) model with clonal expansion of intermediate cells (Luebeck and Moolgavkar, 2002; Jeon et al., 2006; Meza et al., 2008; Moolgavkar et al., 2012; Curtius et al., 2015; Hazelton et al., 2015; .
Three or more mutations are required for most cancers. For example, colorectal cancer can be described by three or more mutations to the P53, RAS, and APC genes (Knudson, 2001) , and three driver gene mutations are needed for lung cancer (Tomasetti et al., 2015) . Zhang and Simon (2005) extended the twostage model to the six-stage model with clonal expansion in each compartment of intermediate cells and found that two-stage to six-stage models can fit the data of age-specific incidence rates of breast cancer and the three-stage model fits the data better than the two-stage model.
However, there are a few shortages for the mentioned multistage models. Some of them have used an approximation formula of the hazard function. Other models have not considered both the growth rates and death rates simultaneously for all compartments of intermediate cells. Mutation and clonal expansion are two important concepts in tumor processes. Loeb et al. had put forward mutator phenotype to account for the large number of mutations observed in cancer cells (Loeb, 1991; Loeb et al., 2003) . Tomlinson and Bodmer (1999) had challenged the mutator phenotype hypothesis and claimed that selection for clonal expansion is more important than the increasing mutation rate in the development of a tumor. This is the general debate for the selection of mutation or clonal expansion. Thus, a multistage model should include mutation rate, growth rate, and death rate in each compartment of intermediate cells. This work was motivated by the work of Crump et al. (2005) for a two-stage model with clonal expansion of intermediate cells. We have extended their work to any k-stage or k-hit (k = 2‚ 3‚ . . . ) model. By fitting the data set of age-specific incidence rates of breast cancer, we can determine how many mutations are needed for breast cancer processes. Our results are also tested by statistical inference to examine their availability.
METHODS

The surveillance, epidemiology, and end result data
Incidence data for breast cancer were obtained from the surveillance, epidemiology, and end result (SEER) registry for the years 1973-1999 (Ries et al., 2002) . We use the reported incidence of breast cancer by gender, race, age, and calendar year in the nine SEER geographic areas, which cover an estimated 10% of the U.S. population. The population bases come from SEER population files (based on the data from the U.S. Census Bureau) by sex and race and are cross-tabulated by calendar years 1973-1999 and 5-year age groups (ages 0-85+). Our analyses combined all races for breast cancer in females during the period 1990-1999. Rates are expressed as cases per 100,000 females.
The model
A comprehensive model must be postulated for at least two rate-limiting events for most human cancer types (Vogelstein and Kinzler, 2004) . From the findings of Hanahan and Weinberg (2011) and Wood et al. (2007) , more than six-stage models should be considered, which have not been considered by previous work. A schematic representation of the deterministic-stochastic k-stage (k = 2‚ 3‚ . . .) model is illustrated in Figure 1 .
N represents the population of stem cells per breast with mutation rate l 0 per cell per year. Those stem cells are subject to mutate into a type of intermediate cells that carried an irreversible mutation. Cells in compartment I i (i = 1‚ 2‚ . . . ‚ k -1) accumulating i mutations with mutation rate l i may be divided into two daughter cells at a rate a i and differentiate or die at a rate b i . The time delay from a malignant cell to clinical detection is assumed as 5 years (Radmacher and Simon, 2000) . If we assume that the time delay is 2 or 3 years, there is no difference for estimation of parameters of the multistage model (Zhang and Simon, 2005) .
For a stochastic k-stage model, we use N(t) to denote the number of normal progenitor cells per breast at time t, Y i (t) (i = 1‚ . . . ‚ k -1) the number of intermediate cells in compartment I i per breast at time t, Y k (t) the number of fully malignant cells per breast at time t. For s t, we define
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and
where C and F i are the probability-generating functions for the number of intermediate cells and malignant cells at time t, starting from no intermediate cell in compartment I i to one intermediate cell in compartment I i at time s, respectively. These probability-generating functions satisfy the Kolmogorov backward equations (Harris, 1963) for 1 i k -1,
where a i (s), b i (s), and l i (s) are the growth rate, differentiation or death rate, and mutation rate of the cells in each compartment I i at time s, respectively, and l 0 (s) is the mutation rate of the normal cells at time s. Denote C(1‚ . . . ‚ 1‚ 0; s‚ t) by C(s‚ t), and F i (1‚ . . . ‚ 1‚ 0; s‚ t) by F i (s‚ t), then the probability, P(t), of at least one malignant cell by time t, starting with only normal cells at time 0, can be written as P(t) = 1 -C(0‚ t). The associated hazard function, h(t), can be written as h(t) = C 0 (0‚ t)=C(0‚ t), where a ''prime'' denotes a derivative with respect to t. For Equations (3) and (4), they follow that
By the mentioned probability-generating functions we have C(t‚ t) = 1, F i (t‚ t) = 1 (i = 1‚ . . . ‚ k -1), and F k (s‚ t) = 0 for s t. By differentiating Equations (5) and (6) with respect to t we get 
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Note that F i + 1 (s‚ t) and F 0 i + 1 (s‚ t) are equal to zero when i = k -1. That is, the last two items of the Equation (8) are zero when i = k -1.
Equations (5) and (8) constitute a system of 2k coupled ordinary differential equations with boundary conditions
C(t‚ t) = 1, and C 0 (t‚ t) = 0. To convert this boundary value system into an initial value system, we make a time transformation: s = t -s: Let A i (s‚ t) = F i (s‚ t), B i (s‚ t) = F 0 i (s‚ t) for 1 i k -1, C(s‚ t) = C(s‚ t), and D(s‚ t) = C 0 s‚ t). When 1 i k -1, Equations (5) and (8) can be converted to the following equations:
with initial conditions
From the mentioned equations, we can obtain P(t) = 1 -C(t‚ t) and h(t) = -D(t‚ t)=C(t‚ t). In addition, we define E(s‚ t) = 1 -C(s‚ t) and F(s‚ t) = -(lnC(s‚ t)) 0 . Then, Equations (11) and (12) are replaced by the equivalent equations,
with initial conditions E(0‚ t) = 0 and F(0‚ t) = 0, where P(t) = E(t‚ t) and h(t) = F(t‚ t). Thus, the value of h(t) can be obtained by solving Equations (9) and (10) and Equations (13) and (14) directly.
Computer simulation
For the development of breast issue, it shows relatively little growth before puberty and a spurt of growth during adolescence. Thus, the growth of the breast epithelium stem cells can be presented by a logistic curve (Moolgavkar et al., 1980; Moolgavkar and Luebeck, 1990 ). The tissue is sensitive to changes in physiological state. For example, menopause may affect the number of premalignant cells as well as number of stem cells. Therefore, we use the value reported that the age of menopause of females is 45 years as in our previous work (Zhang and Simon, 2005; Zhang et al., 2014) . The number of breast epithelium stem cells, N(t), can be assumed to increase by a logistic growth curve from an initial value of 10 cells at birth to a maximum of 10 7 cells by age 20 years, whereas the number of progenitor cells decreases after age 45 years at a rate of -0.0667 per cell per year, which is 10 6 cells by age 80 years (Zhang et al., 2014) . Parameters of the growth rate and differentiation (death) rate corresponding to each compartment of the intermediate cells are different values. We let a i (b i ) and a 0 i (b 0 i ) (i = 1‚ 2‚ . . . ‚ k -1) to denote the growth rate (differentiation or death rate) before age 45 years and after age 45 years, respectively.
We use the fourth-order Runge-Kutta method to numerically solve the mentioned differential equation system to obtain the values of the hazard function h(t). The numerical optimization routine fminsearch in MATLAB is utilized to estimate the optimal parameters by the minimum sum of error squares, which is a very effective way for estimating the optimal parameters and is very close to the global optimum of the genetic algorithm. In this study, the error is the difference between the SEER data and the simulated values of the hazard function obtained from the models.
FIG. 2.
The age-specific incidence rates of all races per 100,000 females for breast cancer from the SEER registry for the years 1990-1999 and rates predicted by the 2-15-stage models.
SEER, surveillance, epidemiology, and end result.
RESULTS
Numerical results
Since there are 4(k -1) + k = 5k -4 parameters in the proposed k-stage model, it contains more parameters than the information that is determined from epidemiological data. For this nonidentifiability problem, there are two popular approaches to deal with it. The first one is to set the mutation rates be equal to each other ( Jeon et al., 2006; Meza et al., 2008) . The other is to use a new set of parameters (Heidenreich et al., 1997; and set a fixed value for the parameter. In our models, the simulated result is insensitive to a broad range of assumed values for the growth rates, a i ; a i 0 (i = 1‚ . . . k -1). Therefore, we used the value reported by Eidemüller et al. (2015) about 12 per year.
We have only given the optimal fittings for the 2-15-stage models, which are shown in Figure 2 . For the models with more than 15 stages, their fitting results are worse than the 15-stage model. From Figure 2 , the 2-14-stage models fit the SEER data very well, but the 15-stage model has led to very large error.
Chi-square test of goodness of fit
We use statistical inference to test whether the optimal fittings for 2-14-stage models are available. The chi-square test is chosen to examine those optimal fittings, since the distribution observed in incidence cases is unknown. However, there are only 15 nonzero SEER data by age 79 years, which is impossible for us to examine those optimal fittings for models with more than five stages. To obtain enough data to implement the chi-square test, data set for incidence rate can be converted into data set for probability of breast cancer by the following formula:
where h(s) denotes the incidence rate of breast cancer at age s. When P(t) is amplified by using a suitable multiple (i.e., 10 3 ), there are 49 data points that are >1, which is adequate for performing the chi-square test. The value of the chi-square statistics is determined by
where P i and P Ã i are the probability of breast cancer derived from the real data and numerical simulations, respectively. Table 1 gives the chi-square values calculated using the mentioned equation and values at the 5% significant level for the 2-15-stage models. We find that the chi-square values of the 2-14-stage models are less than the values at the 5% significant level, whereas the chi-square value of the 15-stage model is far larger than the value at the 5% significant level. These suggest that the 2-14 mutations are reasonable for normal breast stem cells to become a malignant cell. In addition, the chi-square values of the three-stage model are the smallest in all models. Thus, the optimal model is the model with three mutations for breast cancer. Chi2 denotes the value of chi-square statistic; df ( = 49-1-number of parameters) denotes the degrees of freedom; S.5% denotes the value at 5% significant level.
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3.3. Parameter analysis Table 2 shows the estimated parameter values of the optimal model. The net proliferation rates of intermediate cells with one mutation approach zero. It may be explained by the fact that normal breast stem cells need two mutations in tumor suppressor genes to become the intermediate cells that expand clonally to destroy the homeostasis of cells, or the first mutation occurs in genetic instability genes. Mutations in genetic instability genes increase the rate of mutational processes such as gene amplification, chromosome rearrangements, and gain or loss of whole chromosomes (Lengauer et al., 1998) . By comparing the values of b i and b Table 2 , we find that the net proliferation rates of cells before age 45 years are larger than those after age 45 years. The values of parameters for the models with more than three mutations and the two-stage model have also similar results (the detailed parameter values are displayed in the Supplementary Table S1 ). These suggest that menopause can reduce or inhibit clonal expansion of cells.
Evidence suggests that there is a mutator phenotype that acts as a mechanism in tumor processes, such as genome instability (Loeb, 1991; Leob et al., 2003) . Genome instability generates genetic diversity and can contribute to cancer development. When the stability genes are inactivated, mutations in other genes occur at a higher rate (Vogelstein and Kinzler, 2004) . To test the genetic instability, we make a hypothesis that all mutation rates are equal in the models, namely l 0 = l 1 = Á Á Á = l k . Our results show that only the models with two and three stages can fit the SEER data, whereas the models with more than three stages cannot fit the SEER data. In Figure 3 , we plot the hazards for the models with two to four stages under this hypothesis. Thus, there is a mutator phenotype in the tumorigenesis of breast cancer. 
DISCUSSION
Our results suggest that there are 2-14 mutations in the genome of breast stem cells to become a malignant cell, which supports the results of Wood et al. (2007) . Using our previous simulation for the data of breast cancer in women carrying germline BRCA1 and BRCA2 mutations, two gene mutations are required in the development of breast cancer (Simon and Zhang, 2008) . The model with one mutation cannot fit the data of breast cancer in women carrying germline BRCA1 and BRCA2 mutations. Therefore, there are at least two somatic mutations such that a normal breast stem cell becomes a malignant cell in the genome of breast stem cell. Two to 14 genes are required to be involved in the genetic network for human breast cancer. These conclusions are useful for simplifying the interpretation of individual cancer genomes and the design of future breast cancer genome-sequencing efforts.
There is a mutator phenotype in the tumorigenesis of breast cancer, which can be explained by the genetic instability. The genetic instability is an early event of human cancer, which can be used as the early diagnosis of breast cancer (Lengauer et al., 1998; Zhang and Simon, 2005) . Three gene mutations are more likely to occur in the progression of breast cancer. Two mutations are required to destroy the homeostasis of cells in this optimal model. Using the estimated parameter values in the models, we find that the clonal expansion of premalignant cells has an intense relationship with the hormone expression level of females. Menopause can reduce the growth of intermediate cells. Therefore, hormone therapy such as tamoxifen should be effective for breast cancer patients before their menopause.
To explain that many mutations are observed in malignant tumor cells, Loeb et al. (2003) proposed that there is a mutator phenotype that acts as a mechanism in tumor processes. However, Tomlinson and Bodmer (1999) have challenged the mutator phenotype hypothesis and claimed that selection for clonal expansion of intermediate cells is sufficient in tumor processes. This is the general debate for the relationship between mutation and selection. Our results indicate that there is a mutator phenotype in the tumorigenesis of breast cancer. Recent evidence indicates that epigenetic changes might ''addict'' cancer cells to altered signal transduction pathways during the early stages of tumor development (Klutstein et al., 2016; Herbst et al., 2017) . However, epigenetic changes and genomic alterations cannot be easily identified. These findings can provide the guide to the analyses of genes.
